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Enhancement of Free
Vortex Filament Method
for Aerodynamic Loads
on Rotor Blades
The aerodynamics of a wind turbine is governed by the flow around the rotor, where the
prediction of air loads on rotor blades in different operational conditions and its relation
to rotor structural dynamics is one of the most important challenges in wind turbine rotor
blade design. Because of the unsteady flow field around wind turbine blades, prediction
of aerodynamic loads with high level of accuracy is difficult and increases the uncertainty
of load calculations. An in-house vortex lattice free wake (VLFW) code, based on the
inviscid, incompressible, and irrotational flow (potential flow), was developed to study
the aerodynamic loads. Since it is based on the potential flow, it cannot be used to predict
viscous phenomena such as drag and boundary layer separation. Therefore, it must be
coupled to tabulated airfoil data to take the viscosity effects into account. Additionally, a
dynamic approach must be introduced to modify the aerodynamic coefficients for
unsteady operating conditions. This approach, which is called dynamic stall, adjusts the
lift, the drag, and the moment coefficients for each blade element on the basis of the two-
dimensional (2D) static airfoil data together with the correction for separated flow. Two
different turbines, NREL and MEXICO, are used in the simulations. Predicted normal
and tangential forces using the VLFW method are compared with the blade element
momentum (BEM) method, the GENUVP code, and the MEXICO wind tunnel measure-
ments. The results show that coupling to the 2D static airfoil data improves the load and
power predictions while employing the dynamic stall model to take the time-varying oper-
ating conditions into consideration is crucial. [DOI: 10.1115/1.4035887]
1 Introduction
The methods for predicting wind turbine performance are
similar to propeller and helicopter theories. There are different
methods for modeling the aerodynamics of a wind turbine with
different levels of complexity and accuracy, such as the BEM
theory and solving the Navier–Stokes equations using computa-
tional fluid dynamics (CFD). Today, the BEM method is used
extensively by wind turbine manufacturers to analyze the aerody-
namic performance of a wind turbine. Although it is computation-
ally fast and is easily implemented, it is acceptable only for a
certain range of flow conditions [1]. A number of empirical and
semi-empirical correction factors have been added to the BEM
method in order to increase its application range, such as yaw mis-
alignment, dynamic inflow, finite number of blades, and blade
cone angle [2] but they are not relevant to all operating conditions
and are often incorrect at high tip speed ratios where wake distor-
tion is significant [3]. Moreover, because of the axisymmetric
inflow assumption for the BEM method, it is no longer valid to
predict the aerodynamic loads on rotor blades when the wind tur-
bine operates under the yaw condition (because of nonuniform
blade loading).
The vortex theory, which is based on the potential, inviscid,
and irrotational flow, can also be used to predict the aerodynamic
performance of wind turbines. It has been widely used for aerody-
namic analysis of airfoils and aircrafts. Although the standard
method cannot be used to predict viscous phenomena such as drag
and boundary layer separation, its combination with tabulated air-
foil data makes it a powerful tool for the prediction of fluid flow.
Compared with the BEM method, the vortex method is able to
provide more physical solutions for attached flow conditions using
boundary layer corrections, and it is also valid over a wider range
of turbine operating conditions. Although it is computationally
more expensive than the BEM method, it is still feasible as an
engineering method.
In vortex methods, the trailing and shed vortices are modeled
by either vortex particles (characterized by a position, a volume,
and a strength) [4–6] or vortex filaments [7,8] moving either
freely, known as free wake [9–12], or restrictedly by imposing
the wake geometry, known as prescribed wake [13,14]. The pre-
scribed wake requires less computational effort than the free
wake, but it requires experimental data to be valid for a broad
range of operating conditions. The free wake model, which is the
most computationally expensive vortex method, is able to predict
the wake geometry and loads more accurately than the prescribed
wake because of less restrictive assumptions. Therefore, it can be
used for load calculations, especially for unsteady flow environ-
ment. However, its application is limited to attached flow and it
must be linked to tabulated airfoil data to predict the air loads in
the presence of the drag and the flow separation.
Additionally, wind turbines always operate in unsteady flow
conditions. The unsteadiness sources are classified according to
the atmospheric conditions, e.g., wind shear and turbulent inflow
together with the turbine structure such as yaw misalignment,
rotor tilt, and blade elastic deformation [15], which are considered
as perturbations of the local angle of attack and the velocity field.
Particularly, unsteady inflow dynamically affects the local angle
of attack along the blade due to three-dimensional cross flows and
separation. Since the variation in frequency of these sources may
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be high (rapid transient loads), the quasi-static aerodynamic is no
longer valid [16,17]. As a consequence, a dynamic approach must
be introduced to modify the aerodynamic coefficients for unsteady
operating conditions. This approach, which is called dynamic
stall, adjusts the lift, the drag, and the moment coefficients for
each blade element on the basis of the 2D static airfoil data
together with the correction for separated flow. Furthermore,
because of the dynamic stall, the predicted aerodynamic coeffi-
cients may result in noticeable differences [16] in comparison
with the static ones. A dynamic stall model for the unsteady aero-
dynamic loads prediction is therefore crucial for the wind turbine
technology development.
In this paper, an in-house time-marching VLFW code is used
for the simulation where its potential solution is coupled to the
tabulated airfoil data for the wind turbine load calculation. In
addition, a semi-empirical model, called extended ONERA
model, is added to account for the dynamic stall effects. The
results of three different load calculation methods, namely stand-
ard potential method (potential solution), 2D static airfoil data
model (viscous solution), and the dynamic stall model, are com-
pared with the BEM method [1], the GENUVP code,1 and the
MEXICO [18] wind tunnel measurements.2
2 Theory
Vortex flow theory is based on assuming incompressible
(r  V ¼ 0) and irrotational (r V ¼ 0) flow at every point
except at the origin of the vortex, where the velocity is infinite
[19]. A region containing a concentrated amount of vorticity is
called a vortex, where a vortex line is defined as a line whose tan-
gent is parallel to the local vorticity vector everywhere. Vortex
lines surrounded by a given closed curve make a vortex tube with
a strength equal to the circulation C. A vortex filament with a
strength of C is represented as a vortex tube of an infinitesimal
cross section with strength C.
According to the Helmholtz theorem, an irrotational motion of
an inviscid fluid which started from rest remains irrotational.
Also, a vortex line cannot end in the fluid. It must form a closed
path, end at a solid boundary, or go to infinity; this implies that
vorticity can only be generated at solid boundaries. Therefore, a
solid surface may be considered as a source of vorticity. Hence,
the solid surface in contact with fluid is replaced by a distribution
of vorticity.
For an irrotational flow, a velocity potential, U, can be defined
as V ¼ rU, where in order to find the velocity field, the Laplace’s
equation, r2U¼ 0, is solved using a proper boundary condition
for the velocity on the body and at infinity. In addition, in vortex
theory, the vortical structure of a wake can be modeled by either
vortex filaments or vortex particles, where a vortex filament is
modeled as concentrated vortices along an axis with a singularity
at the center.
The velocity induced by a straight vortex filament can be deter-
mined by the Biot–Savart law as
Vind ¼ C
4p
dl r
jrj3 (1)
which can also be written as
Vind ¼ C
4p
r1 þ r2ð Þ r1  r2ð Þ
r1r2ð Þ r1r2 þ r1  r2ð Þ (2)
where C denotes the strength of the vortex filament; r1 and r2 are
the distance vectors from the beginning, A, and end, B, of a vortex
segment to an arbitrary point C, respectively (see Fig. 1).
The Biot–Savart law has a singularity when the point of evalua-
tion (C) of induced velocity is located on the vortex filament axis
(L). Also, when the evaluation point is very near to the vortex fila-
ment, there is an unphysically large induced velocity at that point.
The remedy is either to use a cut-off radius, d [20], or to use a vis-
cous vortex model with a finite core size by multiplying a factor
to remove the singularity [21].
The Biot–Savart law correction based on the viscous vortex
model can be made by introducing a finite core size, rc, for a vor-
tex filament [22]. In this paper, for simplicity, a constant viscous
core size model, which is one of the general approaches using
desingularized algebraic profile, is employed for the induced
velocity calculations. A general form of a desingularized algebraic
swirl-velocity profile for stationary vortices is proposed by
Vasitas et al. [23] as
Vh rð Þ ¼ C
2pr
r2
r2nc þ r2n
 1=n
 !
(3)
where r and n are the distance of a vortex segment to an arbitrary
point and an integer number, respectively.
Bagai and Leishman [24] suggested the velocity profile based
on Eq. (3) for n¼ 2 for rotor tip vortices. Therefore, in order to
take into account the effect of the viscous vortex core, a factor of
Kv must be added to the Biot–Savart law as [24]
Vind ¼ Kv C
4p
r1 þ r2ð Þ r1  r2ð Þ
r1r2ð Þ r1r2 þ r1  r2ð Þ (4)
where
Kv ¼ h
2
r2nc þ h2n
 1=n (5)
and h is defined as the perpendicular distance of the evaluation
point (see Fig. 1). Factor Kv desingularizes the Biot–Savart equa-
tion when the evaluation point distance tends to zero and prevents
a high induced velocity in the vicinity region of the vortex core
radius.
3 Model
3.1 Assumptions. In this study, as a first effort to evaluate
the load calculation methods (see Sec. 3.3), the upstream flow is
set to be uniform, both in time and space. For the nonyawed flow,
it is perpendicular to the rotor plane whereas for the yawed flow it
Fig. 1 Schematic for the Biot–Savart law
1GENUVP is an unsteady flow solver based on vortex blob approximations
developed for rotor systems by National Technical University of Athens.
2The MEXICO wind turbine measurements were carried out in 2006 in the Large
Scale Low Speed Facility (LLF) of the German Dutch Wind Tunnel (DNW).
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is not (it deviates from the rotating axis). It should be noted that a
yaw misalignment makes the inflow unsteady even if the upstream
flow does not change in time and space (steady state).
However, the VLFW code can handle both uniform or nonuni-
form flow (varying both in time and space). The blades are
assumed to be rigid, i.e., the elastic effects of the blades are
neglected.
3.2 Vortex Lattice Free Wake. The vortex lattice method
(Fig. 3) is based on the thin lifting surface theory of vortex ring
elements [25], in which the blade surface is replaced by vortex
panels that are constructed based on the airfoil camber line of
each blade section (see Fig. 2). The solution of Laplace’s equation
with a proper boundary condition gives the flow around the blade
resulting in an aerodynamic load calculation, generating power
and thrust of the wind turbine. To take the blade surface curvature
into account, the lifting surface is divided into a number of panels,
both in the chordwise and spanwise directions, where each panel
contains a vortex ring with strength Ci,j in which i and j indicate
panel indices in the chordwise and spanwise directions, respec-
tively. The strength of each blade bound vortex ring element, Ci,j,
is assumed to be constant, and the positive circulation is defined
on the basis of the right-hand rotation rule.
In order to fulfill the 2D Kutta condition (which can be
expressed as cT.E.¼ 0 in terms of the strength of the vortex sheet
where the T.E. subscripts denotes the trailing edge), the leading
segment of a vortex ring is located at 1/4 of the panel length (see
Fig. 4). The control point of each panel is located at 3/4 of the
panel length, meaning that the control point is placed at the center
of the panel’s vortex ring.
The wake elements which induce a velocity field around the
rotor blades are modeled as vortex ring elements, and they are
trailed and shed from the trailing edge based on a time-marching
method. To satisfy the 3D trailing edge condition for each span-
wise section, the strength of the trailing vortex wake rings must be
equal to the last vortex ring row in the chordwise direction
(CT.E.¼CWake). This mechanism allows that the blade bound vor-
ticity is transformed into free wake vortices.
To find the blade bound vortices’ strength at each time step, the
flow tangency condition at each blade’s control point must be
specified by establishing a system of equations. The velocity com-
ponents at each blade control point include the free stream ðV1Þ,
rotational ðXrÞ, blade vortex rings self-induced ðVind;boundÞ, and
wake induced ðVind;wakeÞ velocities. The blade-induced component
is known as influence coefficient aij and is defined as the induced
velocity of a jth blade vortex ring with a strength equal to one on
the ith blade control point given by
aij ¼ ðVind;boundÞij  ni (6)
If the blade is assumed to be rigid, then the influence
coefficients are constant at each time step, which means that the
left-hand side of the equation system is computed only once.
However, if the blade is modeled as a flexible blade, they must be
calculated at each time step. Since the wind and rotational veloc-
ities are known during the wind turbine operation, they are trans-
ferred to the right-hand side of the equation system. In addition, at
each time step, the strength of the wake vortex panels is known
from the previous time step, so the induced velocity contribution
by the wake panels is also transferred to the right-hand side.
Therefore, the system of equations can be expressed as
a11 a12    a1m
a21 a22    a2m
  . .
.

am1 am2    amm
0
BBB@
1
CCCA
C1
C2

Cm
0
BB@
1
CCA ¼
RHS1
RHS2

RHSm
0
BB@
1
CCA (7)
where m is defined as m¼MN for a blade with M spanwise and N
chordwise panels and the right-hand side is computed as
RHSk ¼ ðV1 þ Xrþ Vind;wakeÞk  nk (8)
The blade bound vortex strength (Ci,j) is calculated by solving
Eq. (7) at each time step. At the first time step (see Figs. 5 and 6),
Fig. 2 Lifting surface and vortex panels construction
Fig. 3 Schematic of vortex lattice free wake
Fig. 4 Numbering procedure
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there are no free wake elements. At the second time step (see
Figs. 5 and 7), when the blade is rotating, the first wake panels are
shed. Their strength is equal to the bound vortex circulation of the
last row of the blade vortex ring elements (Kutta condition),
located at the trailing edge, at the previous time step (see Fig. 7),
which means that CWt2 ¼ CT:E:;t1 , where the W and T.E. subscripts
represent the wake and the trailing edge, respectively. At the
second time step, the strength of the blade bound vortex rings is
calculated by specifying the flow tangency boundary condition
where, in addition to the blade vortex ring elements, the contribu-
tion of the first row of the wake panels is considered.
This methodology is repeated, and vortex wake elements are
trailed and shed at each time step, where their strengths remain
constant (Kelvin theorem). In addition, the corner points of vortex
wake elements are moved based on the governing equation for the
wake geometry given by
dr
dt
¼ Vtot rð Þ r t ¼ 0ð Þ ¼ r0 (9)
where r; Vtot, and t denote the position vector of a Lagrangian
marker, the total velocity field, and time, respectively. The total
velocity field, expressed in the rotating reference frame, i.e.,
Vrot ¼ 0, can be written as
Vtot ¼ V1 þ Vind;blade þ Vind;wake (10)
including the wind velocity and the induced velocity by all blades
and wake vortex rings.
Different numerical schemes may be used for Eq. (9) such as
the explicit Euler method, the implicit method, Adams–Bashforth
method, and the Predictor–Corrector method. The numerical
integration scheme must be considered in terms of the accuracy,
stability, and computational efficiency. Here, the first-order Euler
explicit method is used as
rtþ1 ¼ rt þ VtotðrtÞDt (11)
where Vtot is taken at the old time step.
3.3 Load Calculation. In the vortex flow, the only force act-
ing on the rotor blades is the lift force, which can be calculated
either by the Kutta–Jukowski theory or by the Bernoulli equation
where the viscous effects such as the skin friction and the flow
separation are not included. Therefore, in order to take into
account the viscous effects and the flow separation, the inviscid
lift force must be combined with the aerodynamic coefficients
through the tabulated airfoil data along with the dynamic stall
model to take the unsteady effects into account.
The currently developed model (VLFW) is based on the thin
lifting surface theory of vortex ring elements, where the body is
part of the flow domain. Therefore, the effective angle of attack is
calculated by projecting the lift force acting on rotor blades into
the normal and tangential directions with respect to the rotor
plane. In general, the predicted angle of attack computed on the
basis of the potential flow solution (i.e., the lifting surface theory)
is always greater than that calculated by the viscous flow. There-
fore, it cannot be directly used as entry to look up the tabulated
airfoil data to provide the aerodynamic coefficients. This leads us
to modify the predicted angle of attack by introducing a method
called the 2D static airfoil data method (viscous solution).
In the 2D static airfoil data method, the new angle of attack is
calculated by using the tabulated airfoil data where it is directly
connected to both the tabulated airfoil data and the potential solu-
tion parameter (C). This angle of attack is used as the entry to
look-up the airfoil table and then we are able to calculate the lift,
drag, and moment coefficients giving the lift and drag forces for
each blade element. It is worth noting that both the standard
potential method and 2D static airfoil data method are based on
the quasi-static assumption.
In the fully unsteady condition, since the lift, drag, and moment
coefficients are not following the tabulated airfoil data curve (see
Appendix), they should be corrected and this is done by employ-
ing a dynamic stall model. Generally, the aim of the dynamic stall
model is to correct the aerodynamic coefficients under the differ-
ent time-dependent events which were described in the introduc-
tion. Hence, in case of uniform, steady inflow condition and in the
Fig. 5 Schematic of generation and moving of wake panels at
each time step
Fig. 6 Schematic of wake evolution at the first time step
Fig. 7 Schematic of wake evolution at the second time step
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absence of the yaw misalignment, the rotor tilt, and the blade
aeroelastic motion, it is not necessary to use the dynamic stall
model.
3.3.1 The Standard Potential Method. In the VLFW method,
when the positions of all Lagrangian markers are calculated at
each time step, we are able to compute the velocity field around
the rotor blade where, as a consequence, the lift force can be cal-
culated according to the Kutta–Jukowski theorem. The differential
steady-state form of the Kutta–Jukowski theorem reads
dL ¼ qVtot  Cdl (12)
where q, Vtot, C and dl denote the air density, total velocity
vector, vortex filament strength, and vortex filament length vector,
respectively.
The Kutta–Jukowski theorem is applied at the midpoint of the
front edge of each blade vortex ring and gives the potential lift
force where the lift force of each spanwise blade section is calcu-
lated by summing up the lift force of all panels along the chord.
The lift force for each blade panel is computed using the general
form of the Kutta–Jukowski theorem given by
Li;j ¼ qVtot;i;j  Ci;j  Ci1;jð ÞDyi;j þ qAi;j
DCi;j
Dt
ni;j
 
(13)
where Dyi;j; Ai;j; DCi;j=Dt, and ni;j denote the width vector of a
blade vortex panel in the chordwise direction, blade vortex panel
area, time-gradient of circulation, and unit vector normal to the
vortex panel in which i and j indicate panel indices in the chord-
wise and spanwise directions, respectively. Moreover, Vtot;i;j is
computed as
Vtot;i;j ¼ V1;i;j þ Xrj þ Vind;wake;i;j þ Vind;bound;i;j (14)
The second term in Eq. (13) is the unsteady term which may be
neglected for the steady-state computations. For the blade panels
adjacent to the leading edge, Eq. (13) can be written as
L1;j ¼ qVtot;1;j  C1;jDy1;j þ qA1;j
DC1;j
Dt
n1;j
 
(15)
The total lift of each blade section in the spanwise direction is
obtained as
Lj ¼
XN
i¼1
Li;j (16)
where N denotes the number of chordwise sections. Decomposi-
tion of the lift force for each blade spanwise section into the nor-
mal and tangential directions with respect to the rotor plane (see
Fig. 8) gives the effective potential angle of attack for each
section
a ¼ tan1ðFt=FnÞ  ht  hp (17)
where a, Ft, Fn, ht, and hp represent the angle of attack, tangential
force, normal force, blade section twist, and blade pitch,
respectively.
3.3.2 Two-Dimensional Static Airfoil DataMethod. In potential
flow, the lift coefficient is expressed by the thin airfoil theory,
which is a linear function of angle of attack with constant slope
equal to 2p. This means that for the thick airfoil, commonly used
in wind turbine blades, the thin airfoil theory is no longer valid. In
addition, because of this linear relation of the lift coefficient and
the angle of attack, this assumption gives the higher lift the higher
the angle of attack. Hence, considerable lift reduction due to flow
separation at higher angles of attack cannot be predicted. In other
words, the application of thin airfoil theory is limited to attached
flow and it must be linked to tabulated airfoil data to predict air
loads in the presence of drag and flow separation. Coupling the
thin airfoil theory (standard potential method) to the tabulated air-
foil data for wind turbine load calculation is done by employing
the 2D static airfoil data method as described here.
According to the Kutta–Jukowski theory, the magnitude of the
lift force per unit spanwise length, L0, is proportional to the circu-
lation, C, and it is given by
L0 ¼ qVtotC (18)
where q, Vtot denote the air density and the total velocity magni-
tude, respectively. The circulation for each spanwise section is
equal to the bound vortex circulation of the last row vortex ring
element, located at the trailing edge. In addition, in the linear air-
foil theory, the lift coefficient is expressed by
CL ¼ mða a0Þ (19)
where m¼ 2p, a and a0 indicate the slope, the angle of attack, and
the zero-lift angle of attack, respectively. The lift coefficient is
generally defined as
CL ¼ L
0
0:5qV2totc
(20)
where c denotes the airfoil chord length. Combination of Eqs.
(18)–(20) gives the modified angle of attack as
a ¼ 2C
mVtotc
þ a0 (21)
For an arbitrary airfoil, both m and a0 are determined according to
the CL versus a curve where the constant lift coefficient slope, m,
is computed over the linear region (attached flow). The modified
angle of attack based on the Eq. (21) is used as entry to calculate
the lift, the drag, and the moment coefficients through the tabu-
lated airfoil data. As a result, the lift and drag forces are computed
for each blade element in the spanwise direction which conse-
quently gives the tangential and normal forces acting on the rotor
blade (see Fig. 9).
3.3.3 Dynamic Stall Method. The semi-empirical dynamic
stall model, called the extended ONERA, is used to predict the
unsteady lift, drag, and moment coefficients for each blade span-
wise section based on 2D static airfoil data. In this model, the
unsteady airfoil coefficients are described by a set of differential
equations including the excitation and the response variables,
Fig. 8 Potential load decomposition
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where they are applied separately for both the attached and sepa-
rated flows.
In the extended ONERA model, the lift (L0) and the drag (D0)
forces per unit spanwise length are written as
L0 ¼ qc
2
Vtot C1L þ C2Lð Þ þ SLc
2
_W 0 þ KLc
2
_W 1
 
(22)
and
D0 ¼ qc
2
V2totCD;Lin þ
rDc
2
_W 0 þ VtotC2D
 
(23)
where the symbol ð:Þ, q, c, Vtot, C1L, C2L, W0, W1, C2D, and CD,Lin
denote the derivation with respect to time, air density, blade ele-
ment chord length, total velocity, linear circulation related to the
attached flow lift, nonlinear circulation related to the separated
flow lift, total velocity component perpendicular to the sectional
chord, rotational velocity of the blade section due to the pitching
oscillation, nonlinear circulation related to the separated flow
drag, and linear drag coefficient (see Fig. 25), respectively. It
should be noted that different circulation terms in Eqs. (22) and
(23) are the circulation divided by half chord length. For detailed
description of other coefficients in Eqs. (22) and (23), see
Appendix.
4 Results
To validate different load calculation methods implemented in
the VLFW code, the NREL 5-MW [26] and MEXICO [18]
turbines are used in the simulations. For the NREL 5-MW
machine, in addition to the power and thrust curves, the angle of
attack and tangential force along the rotor blade are studied and
they are compared with the BEM method and the GENUVP code.
For the MEXICO turbine, two different steady inflow conditions
(with and without yaw misalignment) are employed in the VLFW
simulations. The tangential and normal forces acting on the rotor
blades are compared with the existing experimental data.
4.1 NREL-5MW Turbine. Table 1 shows the operating
conditions in which the simulations have been done for the NREL
5-MW reference wind turbine. Among these operating conditions,
three cases based on the low, middle, and high freestream veloc-
ities were chosen for further studies. In the vortex method simula-
tions made with VLFW code, the blade is discretized with M¼ 24
spanwise sections (see Fig. 10) and N¼ 8 equally spaced chord-
wise sections. Because of the large circulation gradients (dC/dr)
near the tip of the rotor blade, the cosine rule for the blade span-
wise segmentation [2] is used where the blade elements are dis-
tributed at equi-angle increments in the radial direction resulting
in a fine tip resolution. Increments of 10 deg are employed for the
wake segmentation and the wake length is truncated after four
rotor diameters [27]. The free stream is assumed to be uniform,
steady, and perpendicular to the rotor plane. The vortex core size
is one of the most important parameters in the free vortex wake
models which affects the vortex roll-up and wake development.
Different parameters may affect the vortex core radius such as
operating condition and blade radius. Choosing a large vortex
core size delays the vortex roll-up. On the other hand, a small vor-
tex core size does not significantly affect the tip vortex roll-up,
but it makes the trailing wake vortices to deflect earlier which
Fig. 9 Viscous load decomposition
Table 1 NREL 5-MW turbine operating conditions
Case No. 1 2 3 4 5 6 7 8 9 10 11
V1 (m/s) 5 6 7 8 9 10 11 12 13 14 15
X (rad/s) 0.627 0.753 0.878 1.003 1.129 1.255 1.267 1.267 1.267 1.267 1.267
hp (deg) 0.0 0.0 0.0 0.0 0.0 0.0 0.0 4.0 6.65 8.70 10.46
Fig. 10 Radial distribution of blade elements for NREL-5 MW turbine
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increases the wake instability. For the NREL-5 MW turbine, it is
assumed that the wake vortex filament core radius is constant and
is equal to 1.0 m.
Figure 11 shows the angle of attack along the blade. As can be
seen, the potential angle of attack is greater than the viscous one
for r/R> 0.5, which is consistent with the higher power produc-
tion, predicted by the potential solution. The blade of the
NREL-5 MW machine is constructed by different airfoil profiles
[26]. Computing the lift coefficient slope in the linear region
(attached flow) for each airfoil profile shows that this slope is
larger than the slope for the thin airfoil theory (m¼ 2p). Equation
(21) implies that the larger the lift coefficient slope (m), the lower
the angle of attack. Therefore, the modification of the potential
angle of attack by coupling to the 2D airfoil data influences aero-
dynamic loads and generated power.
Figure 12 shows the tangential force along the blade with
respect to the rotor plane. The predicted tangential force by the
potential solution is significantly larger near the blade tip making
more power in comparison with the viscous solution. The tangen-
tial force calculated by the viscous solution gives larger values
than the potential solution near the blade root region. This differ-
ence between the potential and viscous solutions for the tangential
force close to the blade root increases even more for higher wind
velocity where the turbine is pitch regulated to prevent the turbine
operating above the rated power.
Figure 13 shows the normal force along the blade with respect
to the rotor plane. Contrary to the tangential force, the viscous
solution predicts larger normal forces than the potential solution.
The reason for this difference is the drag force, which is only
taken into account the viscous solution. Furthermore, for higher
wind velocity where the turbine is pitch regulated, the normal
force along the blade decreases, which reduces the turbine’s thrust
coefficient (see Fig. 14 (right)).
The power and thrust curves are obtained by integrating the tan-
gential and normal forces along the blade, respectively. Therefore,
the comparison between the different methods was only per-
formed for the power and thrust curves. As seen in Fig. 14 (left),
there is a good quantitative agreement among the different VLFW
load calculation methods. For the wind velocity less than 11 m/s
where the turbine is not pitch regulated, the difference between
the potential and viscous solutions is negligible. But, this differ-
ence increases for wind velocity higher than 11 m/s (pitch regu-
lated zone), showing the necessity to modify the standard
potential method using the tabulated airfoil data. Moreover,
Fig. 11 Distribution of angle of attack along the blade for the NREL turbine: (a) case 2, (b) case
6, and (c) case 10; — potential and – – viscous
Fig. 12 Distribution of tangential force along the blade for the NREL turbine: (a) case 2,
(b) case 6, and (c) case 10; — potential and – – viscous
Fig. 13 Distribution of normal force along the blade for the NREL turbine: (a) case 2, (b) case 6,
and (c) case 10; — potential and – – viscous
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Fig. 14 (right) displays the thrust curve for the 5-MW NREL tur-
bine. By increasing the upstream flow, the wind turbine thrust lin-
early increases and it suddenly drops at freestream velocity of
11 m/s when the blade pitch angle is increased. As observed, the
different load calculation methods approximately provide similar
results, but there are distinctive differences between them
because of the unsteady environment which will be discussed in
Sec. 4.2.
4.2 MEXICO Turbine. The 3-bladed MEXICO wind turbine
[18] is used in the simulations. The radius of the MEXICO
turbine’s blades is 2.05 m. The simulations are performed for both
nonyawed and yawed inflow conditions. Table 2 shows the operat-
ing conditions at which the MEXICO measurements have been
done. V1, X, q, hp, and v denote the free stream velocity,
rotational velocity, air density, blade pitch angle, and yaw mis-
alignment, respectively. The MEXICO turbine’s rotational direc-
tion is clockwise and the positive yaw angle is defined as
clockwise with respect to the radial (y) axis. Moreover, in the
VLFW simulation, the turbine’s nacelle is not modeled.
In the VLFW code, the blade is discretized with M¼ 24 span-
wise sections (see Fig. 15) and N¼ 10 equally spaced chordwise
sections. The same methodology is applied for the blade, wake
segmentation, and vortex filament core radius as described in Sec.
4.1 for the NREL 5-MW turbine. It is assumed that the wake vor-
tex filament core radius is constant and is equal to 0.1 m. More-
over, for the nonyawed flow, the free stream is assumed to be
uniform, steady, and perpendicular to the rotor plane and for the
yawed flow, it is assumed to be uniform and steady devia-
tedþ 30 deg with respect to the rotor axis (z). For the yawed flow
simulation, all coefficients in the dynamic stall model are taken
according to the flat plat and the mean profile values (see
Appendix).
4.2.1 Nonyawed Flow. For the nonyawed inflow, the normal
and axial forces along the rotor for three different operating
conditions (see Table 2) are compared against the MEXICO
experiment. As observed in Fig. 16, both the standard potential
method (potential solution) and the 2D static airfoil data method
(viscous solution) overpredict the normal force with respect to the
experiments. However, there is a rather good agreement between
the simulation (especially for the viscous solution) and the mea-
surement. The difference between the potential and viscous solu-
tions increases by increasing the freestream velocity. This means
that for the higher freestream velocities, the viscous phenomena
such as flow separation and stall condition increase the flow com-
plexity around the blade making the potential assumption less
accurate. The discrepancy between the potential and viscous solu-
tions indicates that the flow separation occurs for the blade root
region (inboard positions) even for the lower wind velocities and
it moves toward the blade tip region (outboard positions) for
higher wind velocities.
Figure 17 displays the tangential force along the blade com-
pared to the measurements where a qualitative agreement between
the simulation and measurement is seen. Like the normal force,
the potential solution shows the same trend as the experimental
results; the higher the wind velocity, the larger the forces acting
on the rotor. However, including the viscosity effects using the
tabulated airfoil data in the viscous solution gives a better
Fig. 14 (a) power and (b) thrust curves for the NREL turbine; — VLFW potential,
– – VLFW viscous, – – BEM, – 8 – GENUVP potential, and –3 – GENUVP viscous
Table 2 MEXICO turbine operating conditions
Item Case V1 (m/s) X (rad/s) q (kg/m
3) hp (8) v (8)
No yaw 1 10.01 44.45 1.245 2.3 0
2 14.93 44.45 1.246 2.3 0
3 23.96 44.45 1.236 2.3 0
Yaw 1 14.99 44.45 1.237 2.3 30
Fig. 15 Radial distribution of blade elements for MEXICO turbine
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prediction compared with the potential solution. As explained in
Ref. [16], the centrifugal and Coriolis forces acting on the bound-
ary layer increases the maximum lift coefficient (especially for the
blade root region) and delays the flow separation and stall as well.
Therefore, the larger tangential force given by the experiments for
the inboard positions (compared to the viscous solution) may be
due to the centrifugal and Coriolis forces which are not considered
in the tabulated airfoil data.
4.2.2 Yawed Flow. For the yawed flow, the aerodynamic
forces normal and parallel to the local chord as a function of
azimuthal position for the five radial stations along blade 1 are
compared against measurement data. These five stations are
located at 0.25R, 0.35R, 0.60R, 0.82R, and 0.92R, respectively,
where R denotes the blade radius. According to the MEXICO
experiment, the zero rotor azimuthal angle is defined as the 12
o’clock position (pointing upward) for blade 1. Moreover, the
upwind and downwind sides of the rotor plane are the 9 o’clock
and 3 o’clock positions, respectively.
Figures 18 and 19 display azimuthal variation of the tangential
and normal forces at 0.25R and 0.35R of blade 1. The potential
solution and the measurement data show almost the same trend
although the VLFW method overpredicts the tangential force
about 20% and 75% at 0.25R and 0.35R, respectively, about 50%
and 35% at 0.25R and 0.35R, respectively, for the normal force,
respectively. The viscous solution makes a slight improvement in
terms of magnitude of the tangential and normal forces; however,
it cannot predict the extrema, especially for the tangential force.
This implies that the viscous effects (separated flow and stall con-
dition) are not well captured by the viscous solution in the blade
root region. Moreover, it is expected that the dynamic stall solu-
tion makes adjustment between the potential and viscous solutions
in terms of the force magnitude and phasing. But, it seems that it
makes a slight improvement only for the blade root region
(inboard positions), especially for the tangential forces.
Azimuthal variation of the tangential and normal forces at 0.6R
of the blade 1 is presented in Fig. 20. Despite a rather good trend
between different methods and the experiment, there is an
overprediction of approximately 40% and 30% for the tangential
and normal forces, respectively. The same tendency between the
curves implies that the flow is attached to the blade surface in the
midboard region (no separation). Nevertheless, the large offset
between the simulation and the measurement may be explained
Fig. 16 Distribution of normal force along the MEXICO turbine’s blade, nonyawed flow: (a)
case 1, (b) case 2, and (c) case 3, — potential, – – viscous, and 8 experiment
Fig. 17 Distribution of tangential force along the MEXICO turbine’s blade, nonyawed flow: (a)
case 1, (b) case 2 and (c) case 3, — potential, – – viscous, and 8 experiment
Fig. 18 Azimuthal variation of (a) tangential and (b) normal
forces at 0.25R of radial position, MEXICO turbine, yawed flow,
case 1, — potential, – – viscous, – - – dynamic stall, and 8
experiment
Fig. 19 Azimuthal variation of (a) tangential and (b) normal
forces at 0.35R of radial position, MEXICO turbine, yawed flow,
case 1, — potential, – – viscous, – - – dynamic stall, and 8
experiment
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due to the poor quality of the interpolated airfoil profile at 0.6R
located at the transition region between the Risø and NACA air-
foils (see Fig. 15).
Figures 21 and 22 show the tangential and normal forces at
0.82R and 0.92R of the blade 1 as a function of azimuthal angle.
Apart from a qualitative agreement between the simulations and
measurements, as discussed in the previous paragraph, the same
tendency between the different methods and experiments reveals
that the flow over the outboard region of the blade 1 is not sepa-
rated. Moreover, a significant phase shift between the simulation
and measurement is observed where the simulations predict the
later maximum peak than the measurement. Finally, the adjust-
ment role of the dynamic stall model between the potential and
viscous solutions is noticeable for the tangential force.
5 Conclusions
A time-marching vortex lattice free wake is used for the predic-
tion of aerodynamic loads on rotor blades. It is based on the
inviscid, incompressible, and irrotational flow (potential flow)
where its potential solution is coupled to the tabulated airfoil data
and a semi-empirical model to take into account the viscosity and
the dynamic stall effects, respectively. Three different methods
called the standard potential method, the 2D static airfoil data
method, and the dynamic stall method are introduced and they are
compared with the BEM method and the GENUVP code.
The results show that for more accurate load and power
prediction, coupling to the 2D static airfoil data is necessary
even though some complex conditions such as separated
flow, stall condition, and centrifugal forces cannot be well
predicted.
Furthermore, the predicted forces using the dynamic stall solu-
tion do not make considerable improvements with respect to the
other load calculation methods. This may be because of the sev-
eral airfoil-dependent coefficients used in the extended ONERA
model while in case of no wind tunnel measurements they are
taken from the flat plate and mean airfoil.
The predicted power production by different methods for
the NREL 5-MW turbine shows that the potential, inviscid, and
irrotational assumptions of the vortex flow are relevant to a broad
range of operating conditions. The VLFW method predicts higher
normal and tangential forces compared with the MEXICO experi-
ment. For the normal forces, the maximum peak occurs downwind
of the rotor plane whereas it occurs upwind of the rotor plane
when moving from inboard sections toward the outboard sections.
The difference between the maximum peak positions along the
rotor blade with respect to the rotor plane induces an additional
moment on the rotor due to the yaw misalignment. Furthermore,
for almost all spanwise sections, the simulation presents a phase
shift against the experiments for both the normal and tangential
forces; nevertheless, it predicts the azimuthal load variation rather
well.
A considerable discrepancy between the simulations and mea-
surement data for the MEXICO turbine close to the blade root
(inboard sections) may be physically explained due to the thick
airfoil profiles which consequently results in the flow separation
and stall condition even if at lower wind velocities. This is also
certified for the NREL 5-MW machine.
According to Refs. [28,29], a deficiency in the streamwise
velocity (around 1 m/s) due to open type wind tunnel employed in
the experimental investigation has been reported. It is expected
that the predicted forces by the VLFW simulation are slightly
improved by taking the tunnel effect into account.
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Appendix: Extended ONERA Model
The extended ONERA model is used to predict the unsteady
lift, drag, and moment coefficients based on 2D static airfoil data.
In the initial version of the ONERA model, the excitation variable
Fig. 20 Azimuthal variation of (a) tangential and (b) normal
forces at 0.60R of radial position, MEXICO turbine, yawed flow,
case 1, — potential, – – viscous, – - – dynamic stall, and 8
experiment
Fig. 21 Azimuthal variation of (a) tangential and (b) normal
forces at 0.82R of radial position, MEXICO turbine, yawed flow,
case 1, —: potential, – – viscous, – - – dynamic stall, and 8
experiment
Fig. 22 Azimuthal variation of (a) tangential and (b) normal
forces at 0.92R of radial position, MEXICO turbine, yawed flow,
case 1, — potential, – –: viscous, – - – dynamic stall, and 8
experiment
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is the angle of attack with respect to the chord line whereas in
the extended version, the excitation variables are W0 and W1, the
velocity component perpendicular to the sectional chord and the
blade element angular velocity for the pitching oscillation, respec-
tively. Furthermore, compared with the initial version of the
ONERA model, in the extended model, instead of the lift coeffi-
cient (CL), the circulation (C) which is responsible for producing
lift is the response variable. Also, the variation of the wind veloc-
ity is included in the extended model which does not exist in the
early version [17].
In steady flow, when the angle of attack for some blade regions
exceeds from the critical angle of attack (astall), which is equiva-
lent to the maximum lift coefficient (CL,max), the flow is separated.
This phenomenon is called static stall. This phenomenon, for an
airfoil in an unsteady flow, is associated with so-called dynamic
stall where its major effect is stall delay and an excessive force
(see Fig. 23). In other words, when an airfoil or a lifting surface is
exposed to time-varying pitching, plunging and incident velocity,
the stall condition happens at an angle of attack higher than the
static stall angle which means that the flow separates at a higher
angle of attack than in steady flow. When stall occurs, there is a
sudden decrease in lift. By decreasing the angle of attack, the flow
reattaches again (stall recovery), but at a lower angle than the
static stall angle [30]. This scenario, which is called dynamic stall,
occurs around the stall angle and the result is hysteresis loops and
a sudden decrease of the lift coefficient. Hence, the dynamic stall
describes a series of event resulting in dynamic delay of stall to
angles above the static stall angle and it provides the unsteady
evolution of lift, drag, and moment coefficients along the rotor
blade.
In Eqs. (22) and (23), SL, KL, and rD are airfoil dependent coef-
ficients. However, in case of no wind tunnel measurement data,
the flat plate values are applied as SL¼ p and KL¼p/2 for small
Mach number. The term rD is expressed by
rD ¼ r0Daþ r1DjDCLj (A1)
where for the flat plate, r0D¼ 0 and r1D¼ 0. Moreover,
DCL¼CL,LinCL,Stat where the Lin and Stat subscripts represent
the linear region and the static condition, respectively
(see Figs. 24 and 25). The linear circulation concerning the
attached flow lift (C1L) is calculated by the first-order differential
equation as
_C1L þ kL 2Vp
c
C1L
¼ kL 2Vp
c
dCL
da
 
Lin
W0  Vpa0ð Þ þ kL 2Vp
c
rLW1
þ aL dCL
da
 
Lin
þ dL
 !
_W 0 þ aLrL _W 1 (A2)
where Vp, dCL/da, and a0 are the total velocity component parallel
to the airfoil chord, slope of the CL versus a curve in the linear
region and the zero-lift angle of attack of each blade element,
respectively.
The nonlinear circulation concerning the stall correction
of lift (C2L) is calculated by the second-order differential
equation as
Fig. 23 Hysteresis loop around the stall angle
Fig. 24 Definition of the lift coefficient parameters in the
ONERA model
Fig. 25 Definition of the drag coefficient parameters in the
ONERA model
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€C2L þ aL
2Vp
c
_C2L þ rL 2Vp
c
 2
C2L
¼ rL 2Vp
c
 2
VpDCLeL 2Vp
c
_W 0 (A3)
Furthermore, the nonlinear circulation concerning the stall
correction of drag (C2L) is given by the second-order differential
equation as
€C2D þ aD
2V
c
_C2D þ rD 2V
c
 2
C2D
¼ rD 2V
c
 2
VDCDeD 2V
c
_W 0 (A4)
In Eqs. (22), (A2), (A3) and (A4), the symbol ð:Þ denotes the deri-
vation with respect to time.
In the above equations, kL, rL, and aL depend on the specific
airfoil type and they must be determined from experimental meas-
urements. If experimental data for a particular airfoil are not avail-
able, these coefficients take the flat plate values as kL¼ 0.17,
rL¼ 2p, aL¼ 0.53. dL in Eq. (A2) and the coefficients in
Eqs. (A3) and (A4) are functions of DCL due to the flow separa-
tion and they are defined as
dL ¼ r1LjDCLj
aL ¼ a0L þ a2LðDCLÞ2
aD ¼ a0D þ a2DðDCLÞ2ﬃﬃﬃﬃ
rL
p ¼ r0L þ r2LðDCLÞ2ﬃﬃﬃﬃﬃ
rD
p ¼ r0D þ r2DðDCLÞ2
eL ¼ e2LðDCLÞ2
eD ¼ e2DðDCLÞ2
(A5)
The coefficients in Eq. (A5) are airfoil dependent. In case of no
wind tunnel measurements, the values for a mean airfoil may be
taken and the flat plate values cannot be used. For the mean air-
foil, r1L¼ 0.0, a0L¼ 0.1, a2L¼ 0.0, r0L¼ 0.1, r2L¼ 0.0, e2L¼ 0.0,
a0D¼ 0.0, a2D¼ 0.0, r0D¼ 0.1, r2D¼ 0.0, and e2D¼ 0.0.
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